This paper contains an analysis of the scaling properties of two-dimensional ͑2D͒ turbulence obtained by means of numerical simulation using the vortex blob method. The flow under consideration is the turbulent wake behind a bluff body with a developed enstrophy cascade and reduced inverse energy cascade. The concept of extended self-similarity ͑ESS͒ and the associated relative scaling exponents m,n ϭ n / m are invoked within the framework of 2D turbulence. The scaling exponents in the enstrophy range are found to systematically vary with the downstream distance from the obstacle, thus revealing their nonuniqueness. In terms of the relative exponents, the present results quantitatively agree with recent laboratory experiments of Gaudin et al. ͓PMMH-ESPCI Report No. A 96/57, 1996 ͑unpublished͔͒. Error bars and the accuracy of the ESS scaling are carefully checked. ͓S1063-651X͑97͒06303-4͔
I. INTRODUCTION
In recent years, new interest has emerged concerning the scaling properties of turbulent flows, e.g., ͓1,2͔. They are reflected in the scale invariance of the Navier-Stokes equations, both in two dimensions and three dimensions ͓3͔. Research is mainly focused on the deviations from the celebrated K41 theory ͓4͔. Usually, they become apparent in the anomalous behavior of the velocity structure functions which are defined in the following way:
where r denotes the separation distance, V is the velocity component parallel to r, and ͗ ͘ represents the ensemble average. In this respect, in the three-dimensional ͑3D͒ case, the K41 theory predicts that the scaling exponent is a linear function of the order of the structure function s n ͑ r ͒ϳr n , n ϭ n 3 . ͑2͒
On the other hand, in the 2D case, owing to the conservation of both energy and enstrophy, there are two distinct scaling regimes ͓5͔: inverse energy cascade and direct enstrophy cascade. In a number of works, e.g., ͓6͔ , it has been shown that the values of the n exponents substantially differ from the predictions of the K41 theory. These anomalies are attributed to the impact of intermittency, i.e., the phenomenon of nonuniform distribution of the velocity increments in the flow field. Therefore, the deviations of the actual values of the exponents n from the K41 prediction might be regarded as a measure of the intermittency effects ͓1͔. New possibilities arose when the concept of extended selfsimilarity ͑ESS͒ was developed ͓7͔. It states that when one moment is plotted against another, then the scaling is much more pronounced
In other words, the ratio of two scaling exponents ͑hence-forth, denoted by an overbar͒ stays constant for a wider range of scales than each of them does when taken separately. As was shown in ͓8͔, the ESS scaling comprises not only the inertial range, but also reaches as far down as a few Kolmogorov scales . Consequently, the scaling exponents m,n can be computed with much higher accuracy even at relatively moderate Reynolds numbers. Another important feature of ESS is that it provides information in terms of the relative scaling exponents m,n , which are more universal in that they remain valid also in the 2D case ͓9͔. Thus this concept provides a uniform framework for the investigation of anomalous scaling properties of both 2D and 3D flows. The deviation of the exponent n ϭ 3,n from the linear behavior given by n ϭn/3 will then be a universal measure of the intermittency independent of the specific scaling properties of the given flow ͓9͔. The differences between the 2D and 3D cases enter only into the determination of the absolute exponents n ϭ n 3 . ͑4͒
The absolute exponent 3 is equal to unity in the 3D homogeneous and isotropic case ͓1͔ and in the inverse energy cascade regime in two dimensions, and equal to 3 in the 2D enstrophy cascade regime ͓10͔.
An interesting problem is how the presence of physically relevant boundary conditions affects the intermittent properties of turbulence and thus the values of the relative scaling exponents n . Recently, Gaudin et al. ͓11͔ performed two series of turbulent wake experiments in two different facilities at the external Reynolds numbers ͑i.e., based on the free stream velocity and the obstacle diameter͒ equal to 6000 and 12 000. In the following they will be referred to as experiment I and experiment II, respectively. These experiments show that the n exponents vary as a function of the downstream distance from the obstacle. Their main result is that the intermittency induced deviations from the K41 theory are much stronger in the near wake than in the far wake. Interaction of the flow with boundaries is responsible for the production of large scale shear and coherent structures. In such cases, substantial degree of anisotropy is introduced at large scales, but locally the flow still remains isotropic. Motivated by these experiments, we hereafter address this set of problems by means of a numerical simulation.
The plan of this paper is as follows. Section II contains a short outline of the random vortex blob method that was used in the 2D simulation of the flow. Numerical results pertaining to the problem are presented in Sec. III. A discussion of the results and conclusions are given in Sec. IV.
II. NUMERICAL SIMULATION
In the context of the above-introduced relative exponents, it is possible to investigate intermittency in 2D flows in the same way as is done in three dimensions. A numerical simulation of the turbulent wake was performed, in conditions closely resembling those of the experiment ͑cf. ͓11͔͒. Usually in the numerical analysis of turbulence pseudospectral methods are used ͑e.g., ͓13͔͒. They have the disadvantage, however, that they do not admit any boundary conditions apart from periodic ones. In the present analysis, the random vortex blob method was used. It seems particularly well suited to the study of flows where vorticity is concentrated in a limited part of the flow domain ͑e.g., wakes, shear layers, etc.͒. Details concerning the formal foundations and implementation of the method can be found in ͓14-16͔. Results of the application of similar methods to the study of the statistical properties of 2D turbulence are presented in ͓17͔ and ͓18͔. A brief description of this method is given below.
The random vortex blob method is a Lagrangian approach to modeling viscous fluid flow. It is based on the formal similarity between the 2D vorticity equation and the FokkerPlanck equation describing evolution of a stochastic Wiener process . Thus the viscous fluid flow may be approximated as the evolution of a family of vortex blobs ͑i.e., small, but finite, vorticity particles͒. In our simulation, every vortex blob is a smeared point vortex with the cutoff parameter ͑i.e., its diameter͒ equal to d B and constant vorticity distribution. Each of them moves according to the stochastic Ito equation
dxϭVdtϩͱ2dW, ͑5͒
where dx is an infinitesimal displacement of a representative Lagrangian vorticity carrier, V denotes the advection ͑i.e., deterministic͒ velocity field which is a sum of the potential background flow and interactions with other vortices, dW is an infinitesimal increment of a nonanticipating Wiener process and ͱ2 is the amplitude of the Brownian walk with representing the coefficient of kinematic viscosity. In every step new vorticity is created in the boundary layer of the obstacle in such a way that the no-slip boundary conditions for the velocity field are satisfied. Next, all the vortex blobs, both old and new, undergo advection and random walk, their vorticity charges remaining unchanged. The described algorithm does not make use of any eddy viscosity or subgrid modeling.
Using the basic phenomenology ͓1͔, one can propose an heuristic argument helping to fix the free parameters of the method: the diameter of the blob d B should correspond to the viscous cutoff , the maximum velocity induced by a single vortex blob, and the time step of integration should roughly be of the same order of magnitude as the characteristic velocity and the characteristic time for the given length scale ͑i.e., the length scale of the viscous cutoff ). With these values, the required resolution for the assumed Reynolds number can be achieved. The number of vortex blobs used in the simulations was around 10 5 .
III. RESULTS OF THE NUMERICAL SIMULATION
The aim of the numerical simulation was to produce flow conditions similar to those that can be obtained in experiments performed in turbulent wakes behind bluff bodies ͑of course, as far as this can be achieved within the 2D approximation͒. The external Reynolds number was around 5000. In practice, there were roughly two decades separating the characteristic integral scales from the smallest scales represented by the viscous cutoff . The flow domain was assumed to be infinite and the obstacle was a circular cylinder. taneous streamline pattern corresponding to the vorticity distribution shown above.
As was mentioned in the Introduction, our attention focused on the relative scaling of the structure functions s n (r). Similarly, as was done in the experiments of Gaudin et al. ͓11͔, velocity time series were recorded at a number of control points in the wake. All of them were located on the axis, at the following downstream distances from the obstacle: from 2.5d to 25d every 2.5d, and from 25d to 45d every 5d. Owing to the oscillatory character of the flow in the wake, the direction of the separation vector r ជ continually varies in time. Thus the structure functions have to be calculated for the modulus of the velocity vector, rather than for any of its components. Otherwise, the velocity component would not be parallel to the separation vector r ជ which would violate definition ͑1͒. In order to compute s n (r), the velocity time series has to be transformed from the time to space domain. Usually this is accomplished by means of the Taylor hypothesis ͓19͔ which in the presence of big coherent structures is known to give inaccurate results. However, in the case of extended self-similarity the explicit dependence of s n on r cancels out and therefore the specific form of the t‫ۋ‬r transformation is irrelevant. In ͓20͔ it has been verified that the ESS scaling does not depend on the particular form of the above transformation. Converged statistics could be obtained for low order moments only, therefore we restricted our calculations to nϭ2,3,4,6. So that various time series could be directly compared, all of them were normalized to zero mean and unit normal deviation.
Statistical moments of odd order are characterized by particularly bad convergence properties. This means that in order to obtain reliable results for nϭ3 one needs substantially longer time series than for the case of even orders: nϭ2, nϭ4. It has been established, however ͓8͔, that this inconvenience can be overcome when the structure function is calculated with respect to the absolute value of the velocity increment, rather than for the increment itself S n ͑ r ͒ϭ͉͓͗V͑ xϩr ͒ϪV͑ x ͔͉͒ n ͘.
͑6͒
Furthermore, it has been verified in ͓8͔ that S 3 (r) scales exactly the same as s 3 (r). Thus in our ESS analysis we can use S 3 (r) instead of s 3 (r)
Figures 3͑a͒ and 3͑b͒ present the scaling of the structure functions S n (r), nϭ2,3,4,6 versus the separation distance r normalized with respect to the viscous cutoff . The locations in the wake to which the plots in Figs. 3͑a͒ and 3͑b͒ correspond are 5d and 25d, respectively. It is important to note that for the smallest separations (r/Ͻ10) the structure functions have atypical concavity ͑cf., e.g., ͓1͔͒. This seems to be an influence of the viscous cutoff d B and as such ought to be considered a numerical artifact.
As it was already remarked, due to a moderate Reynolds number one can hardly find a range where the slope would remain constant. Therefore, it is not possible to determine the absolute scaling exponents with required accuracy. The next plots ͓Figs. 4͑a͒ and 4͑b͔͒ make use of the extended selfsimilarity, i.e., the moments of the structure functions S n (r), nϭ2,4,6 are plotted against S 3 (r) ͑only points within the ESS range are shown͒. The distances from the obstacle are the same as above. The range where the scaling holds is more extensive, the relative scaling exponents n can be determined unambiguously. Close analysis of both absolute and relative scaling reveals, however, that for bigger separations r/ there is another, rather short and degenerate, scaling regime. In agreement with the properties of 2D turbulent flows ͓5͔, it can be identified as the inverse energy cascade. The first scaling regime, shown in Figs. 4͑a͒ and 4͑b͒, represents thus the enstrophy cascade.
Following these lines, the relative scaling exponents for the enstrophy range were computed for all the control points in the wake. Then for every point related error bars and lengths of the ESS scaling range were estimated. The dependence of the relative scaling exponents n on the downstream distance from the obstacle is shown in Figs. 5-7 for nϭ2,4,6, respectively. This is the central result of the present paper. For comparison, the figures also present the relative exponents obtained in the laboratory experiments of Gaudin et al. ͓11͔, those reported by Benzi et al. ͓8͔ , and the predictions of the She and Leveque theory ͓12͔ ͑for the case of 3D developed isotropic turbulence͒. of the relative exponents in the enstrophy range͔ are presented in Fig. 9 . At a given location, the length of the scaling range is the same for all the moments. These two parameters are a measure of the goodness of the fit and represent the quality of the scaling.
Great care was taken in order to obtain good quality of the scaling. As was earlier found in ͓6͔ and ͓21͔, the values of the scaling exponents and the related error bars considerably depend on the limits of the range where they are evaluated.
Thus it was necessary to define uniform criteria for the determination of the lower and upper bounds of the ESS range in the enstrophy cascade. The lower bound was set equal to a certain multiple of the viscous cutoff length ͑in our case it was 10, comparing to 5 used in ͓8͔ and 20 as discussed in ͓22͔, both for the 3D case͒, when the upper bound was taken to be a fraction of the integral scale defined as ͓23͔
where b LL (r) is the longitudinal correlation function for velocity
The fraction of ⌳ that was taken as the upper limit of the ESS range in the enstrophy cascade was found to slightly vary with the downstream distance from the obstacle. Consequently, the obtained error bars are relatively low, on the average smaller by one order of magnitude than those reported in ͓8͔ and by two orders than those obtained in ͓9͔. This is an important fact, since the variations of the exponents are rather small compared to their average departure from the linear K41 prediction. Thus, in order to bring out these slight variations, a higher accuracy level was required than that which was necessitated by the objectives of the above-cited works. 
IV. DISCUSSION OF THE RESULTS AND CONCLUSIONS
First of all, it ought to be emphasized that in terms of the relative scaling exponents n , the present results obtained in the 2D enstrophy range confirm what we observed in the real 3D laboratory experiments ͓11͔. This is in fact at variance with the statement made in ͓7͔ that ESS does not hold in the presence of boundaries where strong shear breaks the large scale homogeneity and isotropy of the flow. Nevertheless, at such locations the length of the ESS scaling range has been found to be shorter. It must be stressed that the present results are compatible with those reported by Benzi et al. in ͓8͔ which were obtained in 3D turbulent wake at the downstream location of xϭ20d ͑cf. Figs. 5-7͒ at the Reynolds number similar as in ͓11͔. It is visible as one moves downstream that the values of the scaling exponents approach a certain asymptotic limit.
From the collapse of experimental ͑i.e., 3D͒ and numerical ͑i.e., 2D enstrophy cascade͒ data in Figs. 5-7 it follows that the relative scaling exponents n , in fact, embody a certain degree of universality with respect to the effects of intermittency in 2D and 3D flows. Another important observation is that the relative scaling exponents are not uniquely determined and independent of the large-scale structure of the flow. Explanation of the discovered anomalies remains an open question. There is some hope however that certain hints may come from the analysis of the topology of the flow patterns in terms of shear and its impact on the stretching of vorticity and vorticity gradients in two and three dimensions, respectively.
